The mutually optimized combinations of vertex-degree weighted path indices and the vertex-degree vertex-distance weighted elements of the Universal matrix were applied in the way of TI new = ∑k N ×PN(a N ,b N ,...) + k ij ×u ij (a ij ,b ij ,c ij ). They were correlated to the boiling points of octanes. Using the mutually optimized combination of vertex-degree weighted path indices P2(a 2 ,b 2 ,c 2 ), P3(a 3 ,b 3 ,c 3 ,d 3 ), and P4(a 4 ,b 4 ,c 4 ,d 4 ,e 4 ) there was observed R = 0.99950. When in addition to P2(a 2 ,b 2 ,c 2 ), P3(a 3 ,b 3 ,c 3 ,d 3 ), and P4(a 4 ,b 4 ,c 4 ,d 4 ,e 4 ) also P1(a 1 ,b 1 ) or u 72 (a 72 ,b 72 ,c 72 ) or u 76 (a 76 ,b 76 ,c 76 ) or u 62 (a 62 ,b 62 ,c 62 ) or u 74 (a 74 ,b 74 ,c 74 ) or u 52 (a 52 ,b 52 ,c 52 ) have been applied, then the goodnesses of up to R = 0.99988, S = 0.098, IC = 98.5% have been observed.
Introduction
Path indices 1, 2 were first used by Wiener 3, 4 and together with the connectivity indices [5] [6] [7] [8] they are being used by numerous other authors. The path indices 1,2 and the connectivity indices [5] [6] [7] [8] were previously considered to be two different groups of indices. It has been, however, shown 9 that both groups of them are parts of the vertex-degree weighted path indices PN(a, b, ...). The mutually optimized combinations of vertex-degree weighted path indices gave rise in the case of 29 physicochemical properties of octanes to R (P1..P4) > 0.9. 9 In the mutually optimized combinations with some of the elements of the Universal matrix the values were R = 0.994 or higher. Ivanciuc 10, 11 described the Dval matrix and presented its characteristics. His approach was developed into the Universal matrix by using the vertex-degree vertex-distance weighted elements. The indices derived from it were tested for their usefulness as descriptors of a number of physicochemical properties of alkanes in general and of octanes in particular. 12, 13 For the definition of the Universal matrix and its elements see Appendix 3 in ref. 13 The mutually optimized combinations of the vertex-degree vertex-distance weighted elements of the Universal matrix were tested for their usefulness as descriptors of a number of physicochemical properties of octanes. 14 Here is presented the approach using the mutually optimized combinations of vertex-degree weighted path indices and the vertex-degree vertex-distance weighted elements of the Universal matrix. The correlations to the boiling points (BP) of octanes are used to illustrate the usefulness of the approach, which is generally applicable. These combinations allow to be made also some structural interpretations of indices involved in them.
Definitions, Data and Methods
Vertex-degree weighted path indices are defined as PN(a N , b N , ...) = ∑v i a ×v j b ×..., where v i , v j , etc. are the vertex degrees. 9 The vertex-degree vertex-distance weighted elements of the Universal matrix are defined as u ij (a ij , b ij , c ij ) = v i a ×v j b ×d ij c , where v i and v j are the vertex degrees and d ij c is the distance between the vertices i and j. 14 In the text, they are often presented in a shorthand form as PN and u ij , respectively.
The mutual optimization of these indices and matrix elements is performed in the way of TI new = ∑k N ×PN(a N , b N ,..) + k ij ×u ij (a ij , b ij , c ij ) using one or more of the vertex-degree weighted path indices PN(a N , b N ,...) and/or the vertex-degree vertex-distance weighted elements of the Universal matrix u ij (a ij , b ij , c ij ), where ∑|k N | + |k ij | = 1. The indication of mutual optimization is presented in the text or tables mainly in a shorthand form. For example, the form P2 & P3 & P4 & u 72 is indicating the optimization of TI new = k 2 ×P2(a 2 , b 2 , c 2 ) + k 3 ×P3(a 3 , b 3 , c 3 , d 3 ) + k 4 ×P4(a 4 , b 4 , c 4 , d 4 , e 4 ) + k 72 ×u 72 (a 72 , b 72 , c 72 ).
The values of exponents a, b, ... and the value of the smallest of the factors k are taken here generally to have two significant digits. When a different number of significant digits is employed, this is explicitly mentioned. When necessary, one decimal more is used than the number of significant digits, for example 0.092 in the case of two significant digits or 0.0921 in the case of three significant digits.
As measures for the goodness of the linear correlation the following are used: the correlation coefficient R, the standard error S and the information content regarding the influence of branching 14 IC. In most cases only the correlation coefficient R is given. The software for statistics calculations included in the program package MS Excel was used.
The values of boiling points of octanes were taken from Li 15 converting °C to K, ref. 14 Appendix 1.
Results and Discussion
The aim of this paper is to demonstrate in the case of the boiling points of octanes the way of how to proceed to develop the best possible descriptors using the vertex-degree weighted path indices in combination with the vertex-degree vertex-distance weighted elements of the Universal matrix.
In the first step, the values of exponents in individual vertex-degree weighted path indices as well as vertex-degree vertex-distance weighted elements of the Universal matrix are optimized. For the individual vertex-degree weighted path indices this is demonstrated in Table 1 . The same should be done for the individual vertex-degree vertex-distance weighted elements of the Universal matrix. The best-observed values of the correlation coefficient R between optimized individual vertex-degree vertex-distance weighted elements of the Universal matrix and the boiling point of octanes using two significant digits in their exponents are -0.82 < R < -0.88, thus between those of P2 and P4 in Table 1 .
In the second step, the mutually optimized combinations of two of them should be made. The best results for vertex-degree weighted path indices are presented in Table 2 .
The best individual result gives the vertex-degree weighted path three index P3(-0.9739, -1.3213, -1.667, -0.1944) with R < 0.95 as presented in Table 1 . In the mu-tually optimized combination of two of vertex-degree weighted path indices ( Table 2) the best result is observed using the vertex-degree weighted path indices P2 & P4 in the form TI new = -0.519×P2(-0.421, -0.408, -0.304) -0.481×P4(0.364, -0.075, -0.728, -0.705, -∞) giving rise to R > 0.99.
The procedure is continued including additional vertex-degree weighted path indices or vertex-degree vertex-distance weighted elements of the Universal matrix.
The mutually optimized combination of four vertex-degree weighted path indices using two significant digit values in exponents and the smallest factor k in the form of Using three significant digits, it is TI new = -0.0257×P1(-0.1799, 1.595) -0.6522×P2(-0.0266, -0.680, -0.0233) -0.2759×P3(0.0266, -0.618, -1.876, -∞) -0.0462×P4(0.457, -0.0966, -0.535, 0.278, 1.076) giving rise to R = 0.999763, S = 0.137, IC = 97.8%. This demonstrates that it is advisable to use at least two or, even better, three significant digits. Table 1 . The values of the correlation coefficient R between optimized individual vertex-degree weighted path indices and the boiling point of octanes as a function of the number of significant digits in their exponents. In bold: the best of them. The mutually optimized combinations of a vertex-degree weighted path index with particular vertex-degree vertex-distance weighted elements of the Universal matrix are presented in Figure 1 for P2(a 2 , b 2 , c 2 ). For the vertex-degree weighted path indices P1(a 1 , b 1 ), P3(a 3 72 are good in relation to the boiling points of octanes. For other properties of octanes, some different mutually optimized combinations of vertex-degree weighted path indices with the vertex-degree vertex-distance weighted elements of the Universal matrix are to be developed in the way demonstrated above.
Significant
One of the earliest descriptor combinations used was the combination of the Wiener index (W) with the path three index (p 3 ). 3, 4 Correlations in combinations of descriptors p 3 and W are presented in Table 5 . The results of the optimized combinations of vertex-degree weighted path indices with the indices W, 7, 8 RW, 16 and χ, 5 are presented in Table 6 . For comparison, the goodness of the correlation of the optimized combination of indices W, 7,8 RW, 16 and χ, 5 is R = 0.9565, S = 1.840. Best correlation with BP of the optimized combination of index W with the vertex-degree weighted path three index P3(a 3 ,b 3 ,c 3 ,d 3 ) taking three significant digits in factors k and exponents, is: R = 0.9931, S = 0.738, IC = 88.3 (%).
The goodness of correlations presented here in Table  3 is, regarding S, between one and two orders of magnitude better than those presented in Tables 4-7. The goodness of correlation of individual path/walk indices 19 with boiling point data of octanes is low, |R| < 0.71, S > 4.5. The goodness of R > 0.9 and S < 2.6 gives the optimized combination of p 2 /w 2 & p 3 /w 3 , 19 Table 7 . Comparing it to p 2 & p 3 (R = 0.919, S = 2.49) it is a slightly less good descriptor for the boing point of octanes, and comparing it to P2 & P3, Table 3 , (R = 0.9797, S = 1.266) it is much less good.
Better than p 2 /w 2 & p 3 /w 3 , 19 are the optimized combinations p 2 Table 2 .
Among the vertex-degree vertex-distance weighted elements of the Universal matrix, which improve the correlation of P2 & P3 & P4 more than P1, Table 3 The structural interpretation of the contribution of vertices No. 2, 4, 5, 6, and 7 can be based on two criteria, i.e. whether they are interior or peripheral vertices. The interior vertices are either bearing the branches and they are thus contributing the information about the branching of octanes or they are exposed to intermolecular contacts, which are modified by the sterical hindrance of neighbouring branches. The peripheral vertices are exposed to and modifying the intermolecular contacts.
For illustration is presented the structure of 2,3-dimethylhexane: used here for the enumeration of vertices, the vertex No. 2 is of degree two in 7 out of 18 cases, of degree three in 7 out of 18 cases as well, and of degree four in 4 out of 18 cases. The same holds true for the vertex No. 3. They are bearing the majority of the information about branching of octanes. However, the vertex-degree vertex-distance weighted elements of the Universal matrix containing the vertex No. 3 give rise to R between 0.9995 and 0.9996 and S between 0.199 and 0.177, whereas the vertex-degree vertex-distance weighted elements of the Universal matrix containing the vertex No. 2 mentioned in Table 3 give rise to R between 0.99978 and 0.99988 and S between 0.133 and 0.098.
The vertex No. 4 is peripheral in one case only, when it is of degree one. In other cases, it is an interior vertex. It is of degree two in 12 out of 18 cases, of degree three in 5 out of 18 cases, and in no case it is of degree four.
The vertex No. 5 is interior in 11 out of 18 cases, whereas it is peripheral in 7 out of 18 cases. It is of degree three in one case only.
The vertex No. 6 is peripheral in 14 out of 18 cases and when interior, it is of degree two only.
The vertex No. 7 is of degree one among all octanes with the exception of n-octane, thus in 17 out of 18 cases. It is thus mainly a peripheral vertex exposed to intermolecular contacts and modifying them.
The boiling point is dependent on intermolecular attraction. Among octanes, it is dependent on attraction and repulsion between the structural groups C, CH, CH 2 , and CH 3 , i.e. speaking in terms of mathematical chemistry, between vertices of degree four, three, two and one. Whereas at the equilibrium distance the contribution to attraction between equal functional groups is C >> CH > CH 2 > CH 3 , its dependence on intermolecular distance d is d -6 . 20 The interplay of different contribution to attraction by structural groups, which are represented in topological indices by vertices of different degrees, and of different distances between them in different liquid octane isomers, contributes to differences in boiling points of octane isomers. The structural interpretation of the contribution of different vertices reflects this interplay.
The differences between the experimental data of the boiling points of octanes and the calculated ones using combinations presented in Table 3 are shown in Figure 2 .
In Figure 2 we see that in the optimized combination of vertex-degree weighted path indices P2 & P3 & P4 the difference between the experimental data and the calculated ones is larger than 0.1 K at octane isomers n-octane, 2-methylheptane, 3-methylheptane, 2,4-dimethylhexane, 2,3-dimethylhexane, 3-ethyl-2-methylpentane, as well as among all octanes having three resp. four branches. In the best observed case, the optimized combination of P2 & P3 & P4 & u 72 , the difference between the experimental data and the calculated ones is larger than 0.1 K at octane isomers 2-methylheptane, 4-methylheptane, 3-ethylhexane, 2,3,3-trimethylpentane, and 2,2,3,3-tetramethylbutane. If we compare the results observed here in the mutually optimized combination of P2 & P3 & P4 & u 72 with those reported by some other authors using more than one variable in their equations, [17] [18] [19] we can see that the results obtained here are better than those by using other models with several (2 to 3) other indices at once.
As a conclusion it can be said that the mutually optimized combinations of the vertex-degree weighted path indices and the vertex-degree vertex-distance weighted elements of the Universal matrix in the form of TI new = ∑k N ×PN(a N , b N ,...) + k ij ×u ij (a ij , b ij , c ij ) give rise in the case of the boiling points of octanes up to R = 0.99988, S = 0.098, IC = 98.5% and similar combinations are thus promising indices also of other properties. That the approach demonstrated here in detail is generally applicable has been shown previously for the mutually optimized combinations of the vertex-degree vertex-distance weighted elements of the Universal matrix 14 as well as for the mutually optimized combinations of vertex-degree weighted path indices. 9 There can be seen that at different physicochemical properties of octanes different mutually optimized combinations of the vertex-degree weighted path indices, 9 respectively the vertex-degree vertex-distance weighted elements of the Universal matrix 14 give rise to the best correlation. 
